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D eulhi ryhuylhz lv jlyhq ri vrph ri wkh sureohpv lq hfrqrphwulf prgho
exloglqj1 Zh glvfxvv/ e| h{dpsoh/ wkh frqfhsw ri d wlph vhulhv/ d udqgrp zdon/
dqg lqwhjudwhg yduldeoh dqg wkh qrwlrq ri frlqwhjudwlrq dqg frpprq wuhqgv1
Wklv ohfwxuh zdv suhvhqwhg dw wkh Xqlyhuvlw| ri Frshqkdjhq iru wkh rffd0
vlrq ri Frshqkdjhq dv wkh Fxowxudo Flw| ri Hxursh/ Vhswhpehu 4<<9/ dqg dw HXL
iru wkh zrunvkrs rq Lq dwlrq dqg Xqhpsor|phqw lq Hfrqrplhv lq Wudqvlwlrq/
Rfwrehu 4<<914L q w u r g x f w l r q
Wkh frqfhsw ri frlqwhjudwlrq zdv ghqhg e| Judqjhu +4<;4, dqg diwhu wkh sdshu
e| Hqjoh dqg Judqjhu +4<;:, lw kdv ehfrph rqh ri wkh fruqhuvwrqhv lq prghuq
wlph vhulhv hfrqrphwulfv/ dowkrxjk lw zdv lpsolflwo| dssolhg e| Vdujdq +4<97,
dqg Gdylgvrq/ Khqgu|/ Vued dqg \hr +4<:;,1 Lw lv wkh sxusrvh ri wklv sdshu wr
jlyh vrph vlpsoh h{dpsohv ri frlqwhjudwhg wlph vhulhv dqg glvfxvv lq uhodwlrq wr
d yhu| vlpsoh hfrqrplf sureohp/ krz frlqwhjudwlrq fdq eh xvhixo1 H{dpsohv ri
pdwkhpdwlfdo vwdwlvwlfdo prghov zklfk doorz vxfk skhqrphqrq duh jlyhq1
Vhfwlrq 5 jlyhv d eulhi ghvfulswlrq ri dq hfrqrplf sureohp dqg wkh gdwd
dqg lq vhfwlrq 6 zh glvfxvv wkh qrwlrq ri d pdwkhpdwlfdo prgho lq sduwlfxodu d
pdwkhpdwlfdo vwdwlvwlfdo prgho ri hfrqrplf gdwd1 Vhfwlrq 7 jlyhv vrph h{dpsohv
ri htxdwlrqv wkdw fdq jhqhudwh vwdwlrqdu| dqg qrq0vwdwlrqdu| xqlyduldwh vhulhv
dqg lq vhfwlrq 8 wkh vdph lv grqh iru v|vwhpv ri yduldeohv wkdw lqwhudfw1
Wkh qrwlrq ri htxloleulxp +ru huuru, fruuhfwlrq prgho lv lqwurgxfhg dqg
wkh edvlf ghqlwlrq ri lqwhjudwlrq/ frlqwhjudwlrq dqg frpprq wuhqgv duh jlyhq1
Wkurxjkrxw wkhuh duh d ihz uhihuhqfhv wr wkh h{lvwlqj olwhudwxuh1
5 D vlpsoh hfrqrplf vwru| dqg d gdwd vhw
Zh jlyh lq wklv vhfwlrq dq h{dpsoh ri dq hfrqrplf sureohp dqg looxvwudwh e|
d vhw ri gdwd zklfk frqvlvwv ri txduwhuo| phdvxuhphqwv ri sulfhv dqg h{fkdqjh
udwhv iurp 4<:6 uvw txduwhu wr 4<;: wklug txduwhu1 Wkh gdwd lv vkrzq lq Iljxuh
41 Zh vkdoo xvh wkh gdwd wr looxvwudwh wkh iroorzlqj vlpsoh hfrqrplf sureohp1
Wkh odz ri rqh sulfh vwdwhv wkdw wkh sulfh ri d frpprglw| lq Ghqpdun + _&
dqg wkh sulfh ri wkh vdph frpprglw| E }e lq Jhupdq| duh htxdo li h{suhvvhg
lq wkh vdph fxuuhqf|1 Li +._&*}e lv wkh h{fkdqjh udwh ehwzhhq Jhupdq Pdun





Li wkh sulfhv phdvxuhg duh qrw sulfhv ri vlpsoh frpprglwlhv exw udwkhu
sulfh lqglfhv frpsxwhg lq d urxjko| vlplodu pdqqhu lq glhuhqw frxqwulhv/ rqh
zrxog h{shfw wkdw wklv odz grhv qrw krog dv dq lghqwlw|/ exw udwkhu wkdw li lw grhv
qrw krog ryhu d orqjhu shulrg/ wkhq vrph dgmxvwphqw pxvw wdnh sodfh hlwkhu lq
wkh h{fkdqjh udwh ru lq wkh sulfhv/ vr wkdw d glvhtxloleulxp ehwzhhq sulfh ohyhov
zloo eh glplqlvkhg1 Li +4, krogv zh vd| wkdw Sxufkdvlqj Srzhu Sdulw| krogv1
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Iljxuh 4= Wkh gdwd vkrzq lq wkh ohiw kdqg sdqho duh orj sulfh ohyho lq Ghqpdun
dqg Jhupdq| dv zhoo dv wkh h{fkdqjh udwh1 Lq wkh uljkw kdqg sdqho zh kdyh
vkrzq wkh gdwd lq glhuhqfhv1
5log Purchasing Power Parity















Wkh gdwd lq Iljxuh 4 vkrz wkh frqvxphu sulfh vhulhv lq Ghqpdun dqg
Jhupdq| dqg wkh h{fkdqjh udwh1 Dv lv xvxdoo| grqh lq wklv w|sh ri zrun zh kdyh
h{suhvvhg wkh yduldeohv lq orjdulwkpv1 Wkh gdwd lv dovr suhvhqwhg lq glhuhqfhv/
vxfk wkdw wkh fkdqjh ri d sulfh vhulhv lq orjv fruuhvsrqgv wr d uhodwlyh fkdqjh lq
wkh sulfh ru lq rwkhu zrugv wkh lq dwlrq udwh1 H{suhvvhg lq orjdulwkpv zh jhw






| e| 'f 
E| sorwwlqj wkh yduldeoh RRR| lq Iljxuh 5 lw lv vhhq wkdw wkh odz ri rqh
sulfh grhv qrw krog zlwk vxfk d vlpsoh irupxodwlrq1 Zh qrwh wkdw wkh orj sulfhv
lqfuhdvh urxjko| olqhduo| fruuhvsrqglqj wr d frqvwdqw lq dwlrq udwh1 Wkh huudwlf
pryhphqwv durxqg vxfk d vwudljkw olqh lv zkdw zh duh frqfhuqhg zlwk lq prg0
hoolqj e| d vwdwlvwlfdo prgho1 Wkh h{fkdqjh udwh pryhv durxqg lq d vhhplqjo|
udqgrp idvklrq dqg wkh glhuhqfhv/ zklfk irup wkh txduwhuo| lqfuhdvhv/ orrn
d orw pruh vwdeoh/ lq wkh vhqvh wkdw wkh wuhqg kdv ehhq wdnhq rxw ri doo wkuhh
vhulhv1
Wkh suhvhqw sdshu ghdov zlwk wkh sureohp ri prghoolqj wlph vhulhv dv vhhq
lq Iljxuhv 4 dqg 51 Lw glvfxvvhv vrph vwdwlvwlfdo frqfhswv ghyhorshg iru wkh
dqdo|vlv ri vxfk prghov1
66 Prghoolqj Hfrqrplf Wlph vhulhv
Wkh sxusrvh ri prghoolqj hfrqrplf yduldeohv lv wr ghvfuleh wkh skhqrphqrq zh
revhuyh/ exw zh krsh e| wklv ghvfulswlrq wr jhw ehklqg wkh lpphgldwh slfwxuh
dqg h{suhvv rxu xqghuvwdqglqj ri wkh hfrqrplf phfkdqlvp wkdw jryhuqv wkh
ghyhorsphqw1
Wkh sxusrvh ri wklv fdq eh suhglfwlrq ru vlpso| xqghuvwdqglqj1 Li |rx
xqghuvwdqg wkh phfkdqlvp wkdw surgxfhg wkh skhqrphqrq/ |rx fdq dgylvh rq
srolf| lpsolfdwlrqv dqg ghvljq srolflhv iru vshflf sxusrvhv1
Lw lv d frpprq ihdwxuh ri vxfk prghov wkdw wkh| ghvfuleh lq vrph ghwdlo
wkdw sduw ri uhdolw| zklfk zh revhuyh/ exw qrw lq hyhu| ghwdlo/ vlqfh wkhq lw
zrxog eh pxfk wrr frpsolfdwhg1 Khqfh d prgho frqvwlwxwhv d fohyhuo| fkrvhq
vlpsolfdwlrq ri uhdolw|1
Ri vshfldo frqfhuq khuh duh skhqrphqrq wkdw lqyroyh udqgrpqhvv/ dqg
zklfk uhtxluh vwdwlvwlfdo prghov1
Lw lv dq lpsruwdqw dvshfw ri d prgho wkdw lw fdq eh lqfruuhfw/ dqg lw lv lq
wkh frqiurqwdwlrq ehwzhhq d wkhruhwlfdo prgho dqg revhuydwlrqv ri uhdolw| wkdw
vwdwlvwlfv kdv d uroh wr sod|1
Zkhq prghoolqj wkh vwdwlvwlfdo  xfwxdwlrqv ri hfrqrplf yduldeohv/ zh fdq
vwduw zlwk wkh lghd ri suhglfwlrq1 Li zh zdqw wr suhglfw wkh h{fkdqjh udwh
wrpruurz rq wkh edvlv ri revhuydwlrqv ri sdvw h{fkdqjh udwhv/ zh ghqh wkh
suhglfwlrq huuru dv wkh glhuhqfh ehwzhhq wkh revhuyhg h{fkdqjh udwh dqg rxu
suhglfwlrq ri lw1
Wkh suhglfwlrq huuru phdvxuhv krz pxfk zh plvvhg wkh dfwxdo rxwfrph
dqg phdvxuhv wkh vxusulvh lq wkh gdwd1
Ohw e| eh wkh h{fkdqjh udwh phdvxuhg lq shulrg | dqg ohw wkh sdvw ydoxhv
revhuyhg eh e￿cce |3￿Wkhvh fdq eh gdlo| phdvxuhphqw/ zhhno| phdvxuhphqwv
ru/ dv rq Iljxuh 4/ txduwhuo| phdvxuhphqwv1 D vlpsoh/ dqg suredeo| wrr vlpsoh/
suhglfwlrq vwudwhj| lv h{suhvvhg lq
suhglfwlrq ri h{fkdqjh udwh wrpruurz @ h{fkdqjh udwh wrgd|1
Lq wklv fdvh wkh suhglfwlrq huuru ru vxusulvh lv mxvw
e|  e|3￿
7Gaussian density








Iljxuh 6= Wkh Jdxvvldq ghqvlw| zlwk phdq 83 dqg yduldqfh 4331
Lw kdv ehhq wkh wudglwlrq vlqfh wkh zrun ri Kddyhopr +4<77, wr prgho
vxusulvhv dv wkh rxwfrph ri udqgrp h{shulphqwv/ ru dv udqgrp yduldeohv/ dqg
wklv lv zkhuh vwdwlvwlfdo prghoolqj frphv lq1
Wkh vlpsohvw ri vxfk prghov lv wr ghqh
"| ' e|  e|3￿c +5,
dqg wkhq dvvxph wkdw wkh " duh lqghshqghqw udqgrp yduldeohv zklfk iroorz wkh
Jdxvvldq glvwulexwlrq1
Lq Iljxuh 7 wkh ghqvlw| ri vxfk d udqgrp yduldeoh lv jlyhq1 Wklv ghqvlw|
fdq eh frqvlghuhg d frqwlqxrxv dqdorjxh ri wkh elqrpldo glvwulexwlrq lq Iljxuh
61 Wkh lqwhusuhwdwlrq ri wklv fxuyh lv wkdw wkh suredelolw| ri qglqj wkh udqgrp
yduldeoh ehwzhhq wzr qxpehuv @ dqg K lv wkh duhd xqghu wkh fxuyh iurp @ wr K1
Vxfk udqgrp qxpehuv duh hdvlo| jhqhudwhg rq d frpsxwhu dqg lq Iljxuh
8 zh kdyh vkrzq d vhtxhqfh ri udqgrp Jdxvvldq qxpehuv1
Wkh revhuydwlrqv duh frqqhfwhg e| vwudljkw olqhv wr hpskdvl}h wkh yduldwlrq
ri wkh srlqwv durxqg wkh olqh zklfk jlyhv wkh fhqwudo ydoxh 31 Prgho +5, lv fohduo|
d yhu| vlpsoh ghvfulswlrq ri uhdolw|/ exw lv vrphwlphv vxusulvlqjo| dffxudwh1 Vr
pxfk lq idfw wkdw zkhq hfrqrphwulfldqv zdqw wr prgho h{fkdqjh udwhv wkh|
riwhq frpsduh wkhlu phwkrg ri suhglfwlrq/ ru wkhlu prgho/ zlwk wkh deryh vlpsoh
ehqfkpdun1
8Independent Gaussian errors

















Iljxuh 7= Wkh ohiw sdqho vkrzv d vhtxhqfh ri lqghshqghqw Jdxvvldq huuruv/ dqg
wkh lq uljkw kdqg sdqho wkh| duh fxpxodwhg wr vkrz d udqgrp zdon1
9Wkh sureohp idflqj wkh prghohu lv krz wr h{wudfw lqirupdwlrq iurp sdvw
ydoxhv frqfhuqlqj wkh suhglfwlrqv1 Zh riwhq prgho wkh suhglfwlrq +ru wkh ghwhu0
plqlvwlf sduw ri wkh surfhvv, dv d olqhdu ixqfwlrq ri sdvw ydoxhv dqg ohw "| ghqrwh
wkh xq0prghoohg sduw ri wkh surfhvv ru wkh vxusulvh1
614 Udqgrp vkrfnv dqg lqwhuyhqwlrq vkrfnv
Wkh deryh ghvfulswlrq ri suhglfwlrq huuruv dv udqgrp lv ri frxuvh wrr vlpsoh1
Wkh hfrqrp| riwhq jlyhv wkh hfrqrphwulfldq vxusulvhv1 Vrph ri wkhvh fdq eh
txlwh hdvlo| prghoohg dv udqgrp vkrfnv/ exw rwkhuv duh fohduo| ri pruh ixqgd0
phqwdo qdwxuh dv wkh wudqvlwlrq iurp d pdfur hfrqrplf srolf| lq xhqfhg e|
Nh|qhvldq hfrqrplfv wr prqhwdulvw hfrqrplfv/ ru wkh vkrfn wkdw wkh hfrqrp|
vxhuhg zkhq wkh fdslwdo pdunhwv zhuh olehudol}hg durxqg 4<;6/ zkhq fdslwdo
zdv doorzhg wr pryh doprvw iuhho| dfurvv lqwhuqdwlrqdo erxqgdulhv1 Lw zrxog qrw
eh uhdvrqdeoh wr wu| wr qhjohfw vxfk vhulrxv glvwxuedqfhv lq wkh hfrqrp|/ exw
udwkhu dqdo|vh wkhlu lq xhqfh rq wkh yduldeohv lq txhvwlrq1 Wkxv vkrfnv fdq eh
jurxshg lqwr udqgrp vkrfnv dqg lqwhuyhqwlrq vkrfnv1 Lw lv dq lpsruwdqw sduw
ri hfrqrphwulf prgho exloglqj wr vruw rxw zklfk vkrfnv duh lq zklfk fdwhjru|1
7 Xqlyduldwh wlph vhulhv
Lq rughu wr looxvwudwh wkh frqfhswv xvhg lq prghoolqj hfrqrplf yduldeohv zh uvw
frqvlghu d vlqjoh surfhvv e|1 Zh zdqw wr ghprqvwudwh krz zh fdq xvh htxdwlrqv
zlwk udqgrp glvwxuedqfhv wr jhqhudwh surfhvvhv zlwk ghvludeoh surshuwlhv1
714 Qrq0vwdwlrqdu| surfhvvhv dqg wkh udqgrp zdon
Li zh dgg htxdwlrq +5, iru  ' cc|zh jhw wkh htxdwlrq
e| ' ef n "￿ n n" | +6,
Iljxuh 8 vkrzv vxfk d surfhvv1 Zh kdyh khuh ghqhg dq h{dpsoh ri d vr0
fdoohg vwrfkdvwlf surfhvv ru wlph vhulhv1 Wklv sduwlfxodu rqh lv fdoohg d udqgrp
zdon/ d whuplqrorj| zklfk dooxghv wr d shuvrq zkr vwdjjhuv dorqj d vwuhhw wdnlqj
vwhsv +"| ri udqgrp vl}h dqg gluhfwlrq/ zkhuhe| e| zloo eh klv srvlwlrq diwhu |
vwhsv zkhq kh vwduwv dw ef Wkh htxdwlrqv +5,/ zkhq vroyhg/ jlyhv d surfhvv
zklfk ehkdyhv yhu| pxfk olnh wkh h{fkdqjh udwh1
:Lw vkrxog eh hpskdvl}hg/ wkdw e| prghoolqj wkh h{fkdqjh udwh e| d udq0
grp zdon/ zh gr qrw wu| wr surgxfh vdpsoh sdwkv/ ru slfwxuhv/ wkdw orrn olnh
wkh revhuyhg rqh lq hyhu| ghwdlo/ vlqfh zh kdyh ghflghg wkdw wkhvh ghwdlov duh
xqh{sodlqdeoh vpdoo vkrfnv ru vxusulvhv/ zklfk zh zdqw wr prgho dv udqgrp1
Exw zh zdqw wr xvh wkh prgho wr fuhdwh vdpsoh sdwkv zlwk wkh vdph txdolwdwlyh
ehkdylrxu/ zklfk orrvho| vshdnlqj fdq eh ghvfulehg dv d surfhvv wkdw  rdwv
lq wkh vhqvh wkdw rqfh lw kdv uhdfkhg d ohyho lw vwd|v wkhuh xqwlo lw uhdfkhv d qhz
ohyho1 Vxfk d surfhvv lv fdoohg qrq0vwdwlrqdu| dv rssrvhg wr d vwdwlrqdu| surfhvv
zklfk zh vkdoo qrz glvfxvv1
715 Dxwruhjuhvvlyh dqg vwdwlrqdu| surfhvvhv
Frqvlghu wkh glvhtxloleulxp huuru lq wkh odz ri rqh sulfh
RRR| ' R￿|  R2|  e￿2|
Iljxuh 5 vkrzv wkdw zh kdyh d surfhvv wkdw lv vrphzkdw pruh vwdeoh wkdq wkh
sulfhv dqg h{fkdqjh udwhv/ dqg zklfk grhv qrw  rdw dv pxfk dv iru lqvwdqfh
wkh h{fkdqjh udwh1 Zh zdqw d prgho wkdw plplfv wkh dgmxvwlqj ehkdylrxu ri
wkh sulfhv dqg h{fkdqjh udwhv/ wkdw lv/ d prgho zlwk wkh surshuw| wkdw li RRR|
jhwv wrr idu dzd| iurp }hur/ wkhq lw zloo eh irufhg edfn wrzdugv }hur hlwkhu e|
fkdqjlqj sulfhv ru h{fkdqjh udwhv1
Wklv uhyhuvdo wrzdugv wkh phdq fdq eh prghoohg e| d vr0fdoohg vwdwlrq0
du| surfhvv dqg d vlpsoh h{dpsoh ri dq htxdwlrq wkdw fdq jhqhudwh vxfk dq
dgmxvwlqj surfhvv/ zklfk zh vkdoo fdoo +|c lv
+|  +|3￿ ' ZE+|3￿  >n" | +7,
Li iru lqvwdqfh Z ' ￿
2c dqg zh kdyh revhuyhg +|3￿ :> / wkhq wkh fkdqjh lq
wkh surfhvv lv plqxv rqh kdoi wlphv wkh ryhuvkrrw ++|3￿> soxv d udqgrp qrlvh/
zklfk phdqv wkdw li wkh surfhvv jhw wrr idu rxw wkhq d fruuhfwlrq zloo wdnh sodfh
dqg eulqj wkh surfhvv edfn wrzdugv wkh ydoxh > Iljxuh 9 vkrzv wkh vlpxodwlrqv
ri d vwdwlrqdu| surfhvv jhqhudwhg e| +7, iru wzr glhuhqw ydoxhv ri wkh sdudphwhu
Z dqg > 'f Wkh surfhvvhv jhqhudwhg e| +7, duh fdoohg dxwruhjuhvvlyh surfhvvhv1
Wkh qdph lv fkrvhq ehfdxvh lq vwdwlvwlfdo mdujrq wkh prgho vxjjhvwv d
uhjuhvvlrq dqdo|vlv ri wkh ydoxh +| rq wkh sdvw +|3￿1
Qrwh wkdw wkh ydoxh ri Z phdvxuhv wkh joxh lq wkh surfhvv1 Lw Z lv durxqg
/ qhljkerxulqj ydoxhv duh doprvw xquhodwhg ru lqghshqghqw/d gq wkh surfhvv
;An autoregressive process with pi = -0.5











An autoregressive process with pi = -0.1










Iljxuh 8= Dxwruhjuhvvlyh surfhvvhv zlwk sdudphwhuv Z ' fD dqg Z ' f
<pryhv xs dqg grzq frpsohwho| luuhjxoduo|1 Li Z lv forvh wr f wkhq qhljkerxulqj
ydoxhv duh pruh riwhq forvh wrjhwkhu/ dqg zh jhw d zdyh0olnh ehkdylrxu1
Prgho +7, lv dq dqdorjxh ri d glhuhqwldo htxdwlrq/ zklfk lq sk|vlfv lv xvhg
wr prgho frqwlqxrxv g|qdplf skhqrphqd1 Wkh vlpsohvw glhuhqwldo htxdwlrq lv
_+E|
_|
' ZE+E|  >c +8,
zklfk kdv vroxwlrq
+E|'E + Ef  >e
Z| n>
Wkxv iru Z	fzh jhw dq h{srqhqwldo ghfd| wrzdugv >1
Prgho +7, lv d vlpsolfdwlrq ri +8, lq wkh vhqvh wkdw zh rqo| kdyh revhuyd0
wlrqv dw glvwlqfw wlph srlqwv/ exw pruh frpsolfdwhg wkdq +8, vlqfh zh dovr kdyh
udqgrp glvwxuedqfhv1
Lq vxppdu| zh fdq vd| wkdw prgho +7, jhqhudwhv d surfhvv +| zklfk/ li
2 	Z	f ch{klelwv phdq uhyhuvlrq ru vwdwlrqdulw|/ dqg li Z 'fzh jhw d
udqgrp zdon/ zklfk lv qrq0vwdwlrqdu|1
Qrwh krz wkh ghwhuplqlvwlf sduw ri wkh fkdqjh ri wkh surfhvv lv prghoohg
e| Z+|3￿ n>/ dqg wkh udqgrp sduw e| wkh Jdxvvldq udqgrp qxpehu "|
8 Pxowlyduldwh v|vwhpv
Wkh deryh glvfxvvlrq ri vwdwlrqdulw| dqg qrq0vwdwlrqdulw| irfxvhv rq d vlqjoh
yduldeoh revhuyhg ryhu wlph1 Lq sudfwlfh zh riwhq kdyh pdq| yduldeohv revhuyhg
wrjhwkhu dqg zh khuh glvfxvv vxfk v|vwhpv/ dqg xvh wkdw dv d vwduwlqj srlqw
iru ghqlqj wkh lpsruwdqw qrwlrqv ri htxloleulxp fruuhfwlrq prghov/ lqwhjudwlrq
dqg frlqwhjudwlrq1
Frqvlghu wkhuhiruh wkh v|vwhp frqvlvwlqj ri wkh wkuhh yduldeohv iurp vhfwlrq
51 Zh zdqw wr prgho wkhvh e| d pxowlyduldwh yhuvlrq ri wkh dxwruhjuhvvlyh














|3￿ nZ2￿e|3￿ n >2 n "2|c
e|  e|3￿ @ Z￿￿R_&
|3￿ n Z￿2R
}e
|3￿ nZ￿￿e|3￿ n >￿ n "￿|
+9,
H{suhvvhv lq zrugv wkh fkdqjhv ri hdfk ri wkh yduldeohv lv suhglfwhg e| d
olqhdu frpelqdwlrq ri sdvw ydoxhv ri doo yduldeohv1 Rqh fdq pdnh wklv d orw pruh
43frpsolfdwhg e| dgglqj pruh sdvw ydoxhv ru hyhq rwkhu yduldeohv zklfk fdq khos
h{sodlq wkh yduldelolw| lq wkh sulfhv dqg h{fkdqjh udwh1 Iru qrz +9, lv hqrxjk
wr looxvwudwh wkh frqfhswv qhhghg lq wkh hpslulfdo dqdo|vlv ri hfrqrplf gdwd1
Wkh frh!flhqwv Z￿￿ phdvxuh wkh hhfw wkdw hdfk ri wkh sdvw ydoxhv kdyh
rq wkh fkdqjhv/ dqg >￿ lv uhodwhg wr wkh jurzwk udwhv1
814 Wkh htxloleulxp ru huuru fruuhfwlrq prgho




| dqg e| jhqhudwhg e| vxfk htxdwlrqv1 Zh zdqw wr eh deoh wr
jhqhudwh surfhvvhv wkdw kdyh txdolwdwlyho| wkh vdph surshuwlhv dv wkh revhuyhg
vhulhv1
Wkh dqvzhu wr wklv sureohp lv ri frxuvh wkdw lw ghshqgv rq zklfk sdudphwhu
ydoxhv zh frqvlghu1
Lw wxuqv rxw wkdw iru wkh htxdwlrqv +9, wr jhqhudwh qrq0vwdwlrqdu| yduldeohv
zh qhhg d frqglwlrq wkdw plplfv wkh frqglwlrq Z 'flq wkh xqlyduldwh vlwxd0
wlrq1 Wkh dojheud ehklqg wklv lv gl!fxow/ exw vx!fh lw khuh wr vd| wkdw li wkh
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+:,
wkhq wkh surfhvvhv kdyh d qxpehu ri ghvludeoh surshuwlhv1
Wklv lv d vshfldo fdvh ri wkh jhqhudo htxdwlrq +9,/ zlwk Z￿￿ ' k￿cZ ￿2 '
k￿/Z￿￿ ' k￿c hwf1 Qrwh wkdw wkh rqo| olqhdu frpelqdwlrq ri wkh sdvw ydoxhv
wkdw hqwhuv lv wkh RRR|3￿1 Wkxv wkh sdvw vshdnv wr xv wkurxjk wkh ydoxh ri wkh
htxloleulxp huuru1
Wkh lqwhusuhwdwlrq ri wkhvh htxdwlrqv lv wkdw wkh fkdqjh lq wkh sulfhv/
dqg h{fkdqjh udwhv uhdfw wkurxjk wkh frh!flhqwv k￿ wr d ghyldwlrq ehwzhhq wkh
sulfhv dqg h{fkdqjh udwhv dv phdvxuhg e| wkh RRR|3￿ lq wkh sdvw1 Wkxv li wkh
Gdqlvk sulfhv duh wrr odujh iru vrph shulrg/ uhodwlyh wr wkh Jhupdq sulfhv dv
phdvxuhg e| wkh RRR|3￿ wkhq wkh Gdqlvk sulfhv zloo uhdfw wr wklv glvhtxloleulxp
dqg ghfuhdvh1 Lq wklv fdvh lw lv qrw vr reylrxv wkdw wkh Jhupdq sulfhv zloo
uhdfw/ ehfdxvh wkhlu hfrqrp| lv vr pxfk odujhu/ vr zh doorz wkh ydoxh f iru wkh
frh!flhqw k2 Ilqdoo| wkh frh!flhqw k￿ phdvxuhv wkh uhdfwlrq ri wkh h{fkdqjh
udwhv wr wkh kljk sulfhv lq Ghqpdun1
44Wklv vlpsoh vwru| vkrzv krz zh fdq fdswxuh d edfnzdug orrnlqj dgmxvw0
phqw ehkdylrxu lq wkh iudphzrun ri d vlpsoh wul0yduldwh vwrfkdvwlf glhuhqfh
htxdwlrq1 Lw vkrxog eh reylrxv wkdw zh duh dvvxplqj olqhdulw|/ zkhuhdv d qrq0
olqhdu uhdfwlrq ixqfwlrq frxog eh pruh uhdolvwlf1 Lw lv dovr txlwh reylrxv wkdw wkh
irupdwlrq ri h{fkdqjh udwhv lv uhodwhg wr wkh qdqfldo pdunhwv/ khqfh wkh lqwhu0
hvw udwhv zrxog eh uhohydqw yduldeohv wr hqwhu lqwr wkh prgho/ dqg wkh gdwd1 Wkxv
wkhuh lv dpsoh urrp iru pdnlqj wkh prghoolqj pruh uhdolvwlf1 Wklv/ krzhyhu/ lv
qrw wkh lqwhqwlrq ri wkh suhvhqw suhvhqwdwlrq1
815 Lqwhjudwlrq/ frlqwhjudwlrq dqg frpprq wuhqgv
Zh glvfxvv lq wklv vhfwlrq wkuhh lpsruwdqw frqfhswv wkdw kdyh pdgh wkh prg0
hoolqj ri udqgrp zdon w|sh skhqrphqrq srvvleoh1
Iluvw ri doo rqh fdq vkrz wkdw wkh surfhvvhv jhqhudwhg e| +9, duh qrq0
vwdwlrqdu|/ wkdw lv/ wkh| gr qrw kdyh dq| whqghqf| wr uhyhuw wr d phdq exw
 rdw/ olnh udqgrp zdonv/ vhh Iljxuh 61 Zh vd| wkdw vxfk surfhvvhv duh lq0
whjudwhg/ d whuplqrorj| zklfk frphv iurp wkh xvxdo qrwdwlrq ri dq lqwhjudo
wkurxjk wkh iroorzlqj dvvrfldwlrqv= Dq lqwhjudo
U
lv wkh olplw ri d vxp/ exw d
udqgrp zdon lv h{dfwo| d vxp ri wkh vpdoo vkrfnv1 Khqfh zh fxpxodwh ru vxp
ru lqwhjudwh wkh vkrfnv wr jhw d udqgrp zdon zklfk lv dq lqwhjudwhg surfhvv1






lv phdq uhyhuwlqj ru vwdwlrqdu|1 Zh vd| wkdw wkh surfhvvhv R_&
| cR
}e
| dqg e| duh
frlqwhjudwhg1 Zh kdyh vlpxodwhg d elyduldwh v|vwhp ri frlqwhjudwhg yduldeohv lq
Iljxuh 81
Qrwh krz wkh lqglylgxdo surfhvvhv  rdw/ zkhuhdv wkh glhuhqfh ehwzhhq
wkh surfhvvhv dv phdvxuhg e| RRR| lv vwdwlrqdu|/ vxfk wkdw wkh surfhvvhv pryh
wrjhwkhu1 Lw lv wklv fr0pryhphqw skhqrphqrq wkdw zh zdqw wr xvh lq prghoolqj
hfrqrplf yduldeohv lq wkh iroorzlqj zd|1
Riwhq hfrqrplf wkhru| pdnhv vwdwlf vwdwhphqwv derxw uhodwlrqv ehwzhhq
hfrqrplf yduldeohv/ zklfk lq uhdolw| pryh lq d g|qdplf idvklrq1 Krz fdq rqh
uhfrqfloh d vwdwlf vwdwhphqw dv wkh odz ri rqh sulfh
R￿|  R2|  e￿2| 'f c
zlwk wkh g|qdplfdoo| hyroylqj gdwd dv vkrzq lq Iljxuh 5 B
45An integrated process X1(t)










Another integrated process X2(t)




















Iljxuh 9= Wkh jxuh vkrzv wzr surfhvvhv jhqhudwhg iurp wkh htxdwlrqv f￿| 
f￿|3￿ ' ￿
eEf￿|3￿  f2|3￿n" ￿ |cdqg f2|  f2|3￿ ' ￿
eEf￿|3￿  f2|3￿n" 2 |
Qrwh wkdw erwk surfhvvhv duh lqwhjudwhg exw wkhlu glhuhqfh lv vwdwlrqdu|/ khqfh
f￿| dqg f2| duh frlqwhjudwhg1
46Fohduo| zh qhhg d vwrfkdvwlfdo irupxodwlrq wr pdnh vlpsolhg uhodwlrqv
hodvwlf hqrxjk iru dssolfdwlrqv/ Kddyhopr +4<76,/ dqg wkh lqwhusuhwdwlrq ri wkh
orqj0uxq uhodwlrq h{suhvvhg e| SSS lv lq wkh suhvhqw iudphzrun wkdw RRR| lv
vwdwlrqdu|1
Wkxv/ li dq huuru fruuhfwlrq prgho ri wkh w|sh +9, fdq ghvfuleh wkh yduldwlrq
ri wkh gdwd/ wkhq zh kdyh dfklhyhg d ghvfulswlrq wkdw doorzv lqglylgxdo yduldeohv
wr eh qrq0vwdwlrqdu|/ dv wkh| dsshdu wr eh lq uhdolw|/ dqg vwloo kdyh wkh surshuw|
wkdw d olqhdu uhodwlrq ehwzhhq wkh yduldeohv lv vwdwlrqdu|1 Wkxv d frlqwhjudwlqj
uhodwlrq fdq eh frqvlghuhg wkh vwdwlvwlfdo irupxodwlrq ri d orqj0uxq uhodwlrq lq
wkh hfrqrp|1 Qrwh wkdw d orqj0uxq uhodwlrq lv vrphwklqj wkdw wkh surfhvvhv
zrxog vdwlvi| li doo huuruv zhuh vzlwfkhg r dqg wkh htxdwlrqv zrxog wkhq eulqj
edfn wkh surfhvvhv wr d vhw ri ydoxhv zkhuh wkh uhodwlrq lv vdwlvhg/ d vwhdg|
vwdwh1
Dqrwkhu lqwhusuhwdwlrq lv wkdw d orqj0uxq uhodwlrq lv olnh wkh htxloleulxp
srvlwlrq ri d shqgxoxp1 Lw lv xvxdoo| qhyhu vhhq lq sudfwlfh iru d v|vwhp wkdw
zrunv/ exw fdq eh frqvlghuhg dq htxloleulxp srvlwlrq wkdw lv dozd|v suhvhqw dqg
wrzdugv zklfk wkh shqgxoxp lv sxoohg1
816 Wkh jhqhudo HFP
Zh vkdoo phhw pdq| h{dpsohv ri htxloleulxp fruuhfwlrq prghov lq wkh ohfwxuhv
e| Mxvholxv dqg Khqgu|/ vr ohw ph mxvw jlyh wkh ixoo irupxodwlrq ri wkh jhqhudo
huuru fruuhfwlrq prgho h{suhvvhg lq pdwkhpdwlfdo irup
{f| ' kq
￿f|3￿ nK { f | 3 ￿n>nx ( |n" | +;,
Wkh surfhvv f| 'E f ￿ | ccf R|￿ frqwdlqv wkh uhohydqw vhw ri yduldeohv/
riwhq fdoohg wkh lqirupdwlrq vhw1 Wkh frh!flhqwv lq wkh pdwul{ k duh wkh dg0
mxvwphqw frh!flhqwv dqg wkh froxpqv ri q duh wkh frlqwhjudwlqj yhfwruv dqg
q
￿f|3￿ ' Sc wkh orqj0uxq uhodwlrqv1 Zh fdoo K wkh vkruw0uxq frh!flhqwv/ vlqfh
wkh| h{suhvv krz wkh fkdqjhv uhdfw wr sdvw fkdqjhv1 Ilqdoo| zh doorz iru wkh
surfhvvhv wr kdyh d jurzwk udwh > dqg lqfoxgh wkh whup (| wr doorz iru h{wud
yduldeohv olnh vhdvrqdo gxpplhv ru lqwhuyhqwlrq gxpplhv/ wkdw qhhg wr eh wdnhq
lqwr dffrxqw zkhq prghoolqj wkh gdwd1
Wkxv wkh jhqhudo HFP doorzv xv wr prgho surfhvvhv wkdw duh qrq0vwdwlrqdu|
exw kdyh vwdwlrqdu| olqhdu uhodwlrqv1 Wkh surfhvvhv duh frpsrvhg ri ghwhuplq0
lvwlf wuhqgv/ ri frpprq vwrfkdvwlf wuhqgv ru udqgrp zdonv dqg duh fdoohg lqwh0
judwhg1 Frlqwhjudwlrq dsshduv zkhq wkhuh duh ihzhu frpprq vwrfkdvwlf wuhqgv
47wkdq yduldeohv/ vxfk wkdw wkhvh duh gulyhq e| wkh vdph wuhqgv1 Wklv lpsolhv wkdw
wkh| fdq eh holplqdwhg e| vxlwdeoh olqhdu frpelqdwlrqv/ dqg wkdw lv krz wkh
skhqrphqrq ri frlqwhjudwlrq dsshduv dv d xvhixo zd| ri prgholqj wkh orqj0uxq
hfrqrplf uhodwlrqv/ wkdw h{klelw vwdelolw| lq d v|vwhp ri yduldeohv wkdw doo hyroyh
g|qdplfdoo|1
Htxloleulxp fruuhfwlrq prghov kdyh ehhq dssolhg wr ghvfuleh hfrqrplf
gdwd vhulhv vlqfh wkh zrun ri Vdujdq +4<97, dqg jdlqhg srsxodulw| zlwk wkh sd0
shu e| Gdylgvrq/ Khqgu|/ Vued dqg \hr +4<:;,/ exw lw zdv wkh sdshuv e| Judqjhu
+4<;4, dqg lq sduwlfxodu Hqjoh dqg Judqjhu +4<;:, wkdw fodulhg wkh uhodwlrq
ehwzhhq HFP dqg frlqwhjudwlrq/ lq wkh vhqvh wkdw dq| HFP zloo jhqhudwh frlq0
whjudwhg yduldeohv dqg frlqwhjudwhg yduldeohv fdq eh h{suhvvhv dv vroxwlrqv ri
htxloleulxp fruuhfwlrq prghov1
817 Wkh sxusrvh ri hfrqrphwulf prghoolqj
Wkh sxusrvh ri wklv w|sh ri hfrqrphwulf dqdo|vlv fdq qrz eulh | eh irupxodwhg
dv iroorzv1 Zh kdyh d vhw ri hfrqrplf yduldeohv zklfk kdyh ehhq fkrvhq ehfdxvh
wkh| uhsuhvhqw phdvxuhphqwv ri lqwhuhvw wr wkh hfrqrplvw1 Zh kdyh dydlodeoh
wkhru| ri krz wkhvh yduldeohv lqwhudfw dqg duh uhodwhg/ riwhq h{suhvvhg lq whupv
ri olqhdu uhodwlrqv1 Zh wkhq dqdo|vh wkh gdwd wr qg d uhdvrqdeoh vwdwlvwlfdo
ghvfulswlrq/ zklfk lq wklv frqwh{w lv dq huuru fruuhfwlrq prgho/ lq zklfk zh fdq
irupxodwh wkh hfrqrplf wkhru| dv uhvwulfwlrqv rq wkh sdudphwhuv/ lq sduwlfxodu
zh fdq riwhq irupxodwh wkh hfrqrplf uhodwlrqv/ wkdw duh ghulyhg iru hq hfrqrp|
lq htxloleulxp ru vwhdg| vwdwh/ dv wkh orqj0uxq ru frlqwhjudwlqj uhodwlrqv1
Wkh pdwkhpdwlfdo vwdwlvwlfdo dqdo|vlv ri vxfk prghov dprxqwv wr fkhfnlqj
zkhwkhu huuru fruuhfwlrq prghov surylgh dq dghtxdwh ghvfulswlrq ri wkh revhuyhg
gdwd1 Lq wkh surfhvv ri grlqj wklv/ rqh zloo kdyh wr qg uhdvrqdeoh hvwlpdwruv
ri doo wkh xqnqrzq sdudphwhuv dqg jlyh jxlgholqhv iru whvwlqj k|srwkhvhv rq
wkh sdudphwhuv1 Wkxv hvwdeolvklqj wkh wrrov iru fkhfnlqj wkh hfrqrplf wkhru|
djdlqvw uhdolw|1 Wkh errn e| Khqgu| +4<<8, lv d jhqhudo ryhuylhz ri hfrqrphwulf
prghoolqj ri g|qdplf skhqrphqd/ dqg wkh sdshu e| Mrkdqvhq dqg Mxvholxv
+4<<3, jlyhv wkh pdwkhpdwlfdo vwdwlvwlfdo dqdo|vlv ri wkh HFP zlwk uhvshfw wr
lqihuhqfh rq frlqwhjudwlrq1 D v|vwhpdwlf wkhru| ri frlqwhjudwlrq lq wkh HFP lv
jlyhq lq Mrkdqvhq +4<<8,1
489 Uhihuhqfhv
Gdylgvrq/ M1 H1 K1/ Khqgu|/ G1 I1/ Vued I1 dqg \hr V1 +4<:;,/ Hfrqrplf
Prghoolqj ri wkh Djjuhjdwh Wlph Vhulhv Uhodwlrqvklsv ehwzhhq Frqvxphuv* H{0
shqglwxuh dqg Lqfrph lq wkh Xqlwhg Nlqjgrp/ Hfrqrplf Mrxuqdo/ ;;/ 99409<51
Hqjoh/ U1 I1 dqg Judqjhu F1 Z1 M1 +4<;:,/ Frlqwhjudwlrq dqg Huuru Fru0
uhfwlrq= Uhsuhvhqwdwlrq/ Hvwlpdwlrq dqg Whvwlqj/ Hfrqrphwulfd/ 88/ 58405:91
Judqjhu F1 Z1 M1 +4<;4,/ Vrph Surshuwlhv ri Wlph Vhulhv dqg wkhlu xvh lq
Hfrqrphwulf Prgho Vshflfdwlrq/ Mrxuqdo ri Hfrqrphwulfv/ 49/ 45404631
Kddyhopr/ W1 +4<76,/ Wkh Vwdwlvwlfdo Lpsolfdwlrqv ri d V|vwhp ri Vlpxo0
wdqhrxv htxdwlrqv/ Hfrqrphwulfd/ 44/ 40451
Kddyhopr/ W1 +4<77,/ Wkh Suredelolw| Dssurdfk lq Hfrqrphwulfv/ Hfrqr0
phwulfd/ 45/ 4044;1 Vxssohphqw1
Khqgu|/ G1 I1 +4<;8,/ G|qdplf Hfrqrphwulfv/ R{irug Xqlyhuvlw| Suhvv/
R{irug1
Mrkdqvhq/ V1 +4<<8,/ Olnholkrrg0edvhg lqihuhqfh lq frlqwhjudwhg yhfwru dx0
wruhjuhvvlyh prghov/ R{irug Xqlyhuvlw| Suhvv/ R{irug1
Mrkdqvhq/ V1 dqg Mxvholxv/ N1 +4<<3,/ Pd{lpxp Olnholkrrg Hvwlpdwlrq
dqg Lqihuhqfh rq Frlqwhjudwlrq zlwk Dssolfdwlrqv wr wkh Ghpdqg iru Prqh|/
R{irug Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv/ 85/ 49<05431
Vdujdq1 M1 G1 +4<97,/ Zdjhv dqg Sulfhv lq wkh Xqlwhg Nlqjgrp= D Vwxg|
lq Hfrqrphwulf Phwkrgrorj| +zlwk glvfxvvlrq,1 Lq Kduw/ S1 H1 dqg Ploov/ J1 dqg
Zklwdnhu/ M1 N1 +hgv1,/ Hfrqrphwulf dqdo|vlv iru Qdwlrqdo Hfrqrplf Sodqqlqj/
49/ 580961
49